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The limit to the possible rate of reversible enzymatic reactions set b) the diffusional notion has been considered. It is 
found that not only the diffusion of the reactants to the enzyme but also the diffusion away of the products can be rate 
limiting. To avoid assumptions about the detailed nature of the enzyme only diffusion in the lxlk aqueous medium is 

treated. By such an approach one obtains an upper timit to the possible rate- In the latter half of the paper the derived “,en- 
eral equations arc applied to the possible su_gfested reaction schemes for the enayme carbzmic anhydrasc. It is found that 
a scheme involving HCO; as substrate for the dehydration process and a direct reaction bctwecn buffer and enzyme is eon- 
sistent with the limits set by the diffusional motion, while several other possrbfiitics can be ruled out. 

1. introduction 

For bi- and multimolecular reactions in solution it 
is necessary for the reactants to collide through brown- 
ian diffusional motion before a chemical transforma- 
tion can take place. The diffusion thus puts a liiit to 
the possible rate of the reaction. The diffusional be- 
haviour of-simple molecules in fluids has been tho- 
roughly investigated both experimentally and theo- 
retically. The accumulated knowledge about these 
processes makes it possible to determine rather accu- 
rate upper bounds for reaction rates. Although these 
bounds usually correspond to very high rates many 
diffusion controlled reactions has been observed. Well 
known examples are proton Or electron transfer reac- 
tions but even some enzyme reactions are fast enough 
for the diffusion limit to apply [I ,21_ 

The basic theoretical work on diffusion controlled 
reactions is due to Smulochowski [3] who consider- 
ed the special casa of aggregation of colloidal particles, 

He assumed spherical symmetry about the awega- 
tion center and solved the diffusion equation 

&rc(r,r)=D 2 rc(r t) 
a? * 

with the boundary conditions 

(1) 

c(m) = co; c(R) = 0. (2) 

Here c is the concentration, rthe distance from the 
centre, D the translational diffusion constant and R 
the distance at which the particle is irreversibly cap- 
tured_ The solution of eq. (1) showed that, on a ma- 
croscopic timescale, a stationary state is rapidly reach- 
ed with a concentration profile c(r) = ~(1 -R/r) and 
a constant outgoing flux of particles J(r) = 4i5VaDP X 
&jar = 4mVaDR co where N, is Avogadros number. 
In this model the diffirsion limited second order rate 
constant is 

k?jm = 4mVaDR. (4) 

This expression for ky” has been widely used on the 
merit of its simplicity- 

In later work improvements of Smulochowskis 
theory has been mainly along three lines. The macro- 
scopic diffusion approach is not valid on very short 
timescales, where the molecular nature of matter has 

to be accounted for [4] _ In eq. (1) long range forces 
between the reactants are neglected and especially 
for Coulomb interactions sizeable correction terms 
may occur [I] _ The boundary condition c(R) = 0 can 
be made more realistic both with respect to geomet- 
rical constraints on the relative orientation of the re- 



actants for a reaction to occur and with respect to 
the probability of a reaction [S-IO] _ 

The present paper deaIs with the last of these as- 
pects with special consideration ofreversible enzyme 
reactions. This problem aro!tse during our study of 
the reaction between water and carbon dioxide to 
form carbonic acid [ 1 l] and during considerations 
of the possible enzymatic catalysis of this reaction 
by carbonic anhydrase. 

2. Diffusion and reversible enzyme reactions 

For a reversible enzymatic reaction not only the 
diffusion of the reactants to the active cleft can be a 
rate limiting step but also the diffusion away of the 
products. Since if the products are not transported 

away an equiiibrium between reactants and products 
are established at the enzyme surface. One can thus 
obtain more stringent limits for the possible rate of 
the reaction by considering the diffusion of both re- 
actants and products. 

In the active cleft and at the enzyme surface in 
general the substrate, or product, interacts with the 
enzyme. Without a very detailed knowledge about the 
enzyme it is difficult to determine how these interac- 
tions affect the diffusional motion. One has, for ex- 
ample, the possibility of rapid surface diffusion. Usu- 
ally very little is known about such specific effects. 
One method of avoiding arbitrary assumptions is to 
consider the diffusional motioti ody in the bulk aque- 
ous phase outside the enzyme. In aqueous solution 

diffusion has been extensiveIy studied and the isotrop- 
ic translational diffusion constant has been determined 
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Fig. 1. Schematic picturr of’ the enzyme with the active site 

(AS). 

for a large number of compounds. In the subsequent 
treatment we therefore assign to the enzyme a radius 
R (cf. fig. 1) outside which enzyme substrate interac- 
tions can be neglected and where the diffusion equa- 
tion is directly apphcable. In such an approach one 
can, at most, obtain an upper limit to the diffusion 
controlled reaction rate. 

As a first example consider a simple enzymatic con 
version between species A and B. The diffusion equa- 
tion in a coordinate system fied on the enzyme is at 
steady state [S ] _ 

A=la. a i a2 -- 
a sin0 a0 

-- 
sine 33 + sin28 a92 

is the angular part of the laplacian operator_ The rota- 
tional diffusion constant is denoted D, and DA,B is 
the sum of the translational diffusion constants of 
A(B) and of the enzyme. To find appropriate bound- 
ary conditions one has to consider the reaction in 
some detai1. It is assumed that the reaction proceeds 
according to the scheme 

A+& AE$ BE2 
k-1 k-2 k-3 

E + B, [II 

where E is the enzyme. If the binding of the substrate 
to the enzyme is negligible, that is if the Michaelis- 
Menten constant K,, is large relative to the substrate 
concentration, the rate is 

&A dc, - =_- 
dt dt 

=-LA ‘LB (6) 

per enzyme molecule,Here z = kl k2kj/(k_tk3 f 
k-2k_1 f keg and k = k-l&&-3/(k-$3 f k$_ 
f k,k,) and k/k = K is the equzbrium constant of 
the overall reaction. in eq. (6) the concentrations re- 
fer to those at the enzyme surface. The rate constants 
are orientation dependent since a molecule just out- 
side the active cIeft will have a higher probability of 
reaction than a molecule at the back of the enzyme. 

At steady state mass baIance requires that the flow 
of molecules equals the number produced by the re- 
action and an appropriate boundary condition would 
be 



= F(O ,O)i?+,% @) - &(R,&O)~- (W 

When applying eq. (7a) it is difficult to find a good 
expression for the distribution function F(0 ,I$) for 
the reaction probability. The function F night, for 
example, be finite over the entire surface due to the 
possibility of surface diffusion on the enzyme. 

Eq. (5) has been solved by Sole and Stockmayer 
[6] with the boundary condition eq. (i’a). The result- 
ing limiting rate depends markedly on the choice of 
F(B, G)). To avoid the arbitrariness of a particular 
choice of F(@ ,4) we have pursued the aim of obtain- 
ing an upper limit for the diffusion controlled rate. 
This is achieved by setting F(B ,@) = l/45;. With such 
a choice of F(6,+), the boundary condition (7a) can 
be written as 

-JA(R) = JB(R) = zcA(R) - zc,(R) (7b) 

and the diffusion problem reduces ta a spherically 
symmetrical one and eq. (5) becomes 

The boundary conditions are in addition to eq. (7b) 
that c*(w) = CA0 and cB(+ = cao where cAO and cBo 
ate the bulk concentrations of A and E3 respectively. 

The solution to the diffusion equation (8) is 

n = 4irDA1Vali; -+ K{R + D*f(D,R) - 

The effective forward rate constant is then 

(9c) 

k eff = 4nDANaKR /(4nDANaRlE f K f DA/D*). (10) 

If 4nDANaR& 5 K f DAJDg eq. (10) is equivalent 
to the kinet& expression eq. (6) If on the other hand 
4nDAiVaRjk =C K f DAjD~ the process is diffusion 
controlled and 

k en = k!jmKl(K c DA/D& (11) 

The rate constant k,, becomes equal to kt” of eq. 
(4) if K 9 DA/DB but in rhe opposite limit, K 4 DA/ 
DB it is the diffusion away of the products that is 
rate limiting and the maximum rate is reduced by a 
factor K_ As will be shown later this extra factor can 
be of great importance. 

For the reaction 

AtE$ AE% B& 
k-1 k-2 k-3 

E+B+C, 

where in analogy with eq. (6) it is assumed that 

dcA dcB dcC 
- -=-=-= 

dr dr dr 
&A - i;c,c, (12) 

per enzyme, the solution of the diffusion problem is 
somewhat more complex, but the same type of bound- 
ary conditions apply as in eq. (7b). However in this 
case the result cannot be expressed in terms of an ef- 
fective rate constant, k,,. since the reaction rate is 
not always proportional to the concentration. The 
flux of molecules A is 

(13) 

For small rate constants eq. (13) reduces to eq. (12), 
while in the diffusion limit with for example cEo = 
cc0 = 0 the flux is 

(14) 

When the second term in the root expression is negh- 
gible eq. (14) is equivalent to eq. (4) while if the sec- 
ond term is the dominant one ihe flux is propottion- 
al to the square root of the concentration cao 

JA = ~~~~(D~DC)1/2R(Kc,a)1’=. (15) 

For future reference we also present the expression 
for the flux if the reaction proceeds in the opposite 
direction. When CA0 = 0 and in the limit of slow dif- 
fusion one obtains 

J= 
42i-.A$R 

A 2(DeDcKIDA + q&, f ccoDc> 

4DBDC 530 “co 
112 

11 (DBDc K!DA -i- DBcBo f DC~Co)2 - 

(16) 
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A general conclusion of this section is that eq. (4) 
is a poor approximation of the diffusion limit for re- 
versible enzymatic reactions for one of the directions 
of the reaction. It can also be noted that the expres- 
sions for .iA in the diffusion limit can be obtained by 
requiring equilibrium at the enzyme surface. This 
point of view is often essential for the conceptual 
understanding of the somewhat complex equations. 
For example the square root dependence of the flux 
on concentration in eq. (15) is readily understood in 
such a description_ 

3. Diffusion control and possible mechanisms for the 
enzyme carbonic anbydrase 

The enzyme carbonic anhydrase acts to establish 
a rapid equilibrium between dissolved carbon dioxide 
and bicarbonate ions 

CO, -I- H,O =-, H+ + HCO; WI1 
in a multitude of living systems. The enzyme is an ex- 
tremely efficient catalyst and has one of the highest 
turnover numbers known. In spite of the fact that 
one has obtained extensive structural information 
about the enzyme [12] the mechanism for the cat- 
alytic activity has not yet been revealed. The sub- 
strate for the dehydration reaction has not even been 
firmly established. One usually assumes [13,14] that 
I-P and HCO; are the reactants but Koenig [15] has 
argued that l&CO, must be the substrate because 
otherwise the supply of protans would exceed the 
diffusion limit. However, the same type of argument 
has been raised against H,CO, as a possible substrate 
113,14] _ These arguments have been focussed on the 
dehydration reaction and the diffusion limit set by 
eq. (4) has been used. 

The reaction in scheme [III] is under physiological 
conditions typically reversibIe and by analyzing the 

T&k 1 
Vducs for the constants used in the numerial estimates 

KI = (IiCO3j [H]/[HzC03) = 2.5 X lo4 hi 
I& = ~fI~C031/[C0~] = 1.7 x 1o-3 

diffusion problem using the boundary conditions of 
eq. (7b) more consistent conclusions c3n be reached 
for the reaction proceeding in both directions. 

3.1. Diffuriotz Iimirs for the direct reclctions 

The case when the enzymatic reaction proceeds as 

H20+COz+E; 
-1 

E-H,O-CO, 

;_, E-H&O, ; 
-3 

E f HZC03 WI 
is equivalent to scheme [I] since water is the solvent 
and thus present in excess. The equation (10) for the 
rate of the reaction should then be applicable and it 
is then possible to compare the calculated rates with 
actually measured rates. 

To obtain numerical results actual values has lo be 
assigned to the different parameters. The equilibrium 
constant K is 0.0017 [ 161 and the rate constants are 
either taken from the work of Steiner et al. [17] on 
the human C isoenzyme or they are assumed large to 
obtain the diffusion limited rate. Our choice of the 
radius R and the diffusion constants are summarized 
in table 1 e Some of the parameters are estimated val- 
ues but they couId be wrong by at most 50%. 

Interpreted within.the kinetic scheme [IV] the ex- 
periments of Steiner et al. [17j give ir forward rate 
constant ofz = 1.4 X 108 s-1 M-l. This value can 
now be compared with those calculated from eqs. (10) 
and (11). Using the constants of table 1 an_d the exper- 
imentaI value of z in eq. (10) one obtains k,n = 2.27 X 
107s--1 M-1 and&,,= 2.83 X 107 s-1 M-1 from 
eqs. (10) and (1 l), respectively. The rates for the de- 
hydration reaction are obtained by dividing with the 
equilibrium constant K and thus they contain no ad- 
ditional information. 

These estimates show that the experimental kinetic 
data are not consistent with the reaction scheme [IV]. 
It can be noted that the data of Steiner et al. has been 
reproduced [IS,l!lI and the combined errors from 
experimental rates and the errors in the parameters is 
not large enough to eliminate the discrepancy. 

For the other possible direct reaction scheme 

Hz0 f CO, + E + E-H&?-CO, + E&*HCO, 

+E+H++HCO; IV1 

a similar analysis is possible. The difference is now 
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that it is the rate equation (13) that applies and that 
the result cannot be exprLssed in terms of rate con- 
stants. Instead one has to consider the measured flows. 
The value of the equilibrium constznt K is now 4.3 X 
1W7 M. 

At, for example, pH = 7.5 and cco7 = I mM and 
cHC0; = 0 the measured rate is &02 = -8.8 X lo4 
s-t_Fromeqs.(l3)and(l4)with~= 1.9X lOI4 
s-1 M-2 i n eq. (13) one obtains the flows J&, = 
-8.1 X 104 s-l andJco, = -1.0 X 10” s-1 respec- 
tively. 

For the dehydration reaction also at pH = 7.5 and 
with ccoz = 0 and cHco; = 20 m&l the measured rate 

is Jcoz = 1 .l X lo5 2-t. In this case the eqs. ( 13) and 
(16) gives Jco, = 4.5 X LO3 s-l and J&, = 4.7 X lo3 
s -l. The measured rate for tile dehydration reaction 
is thus faster than what can be accounted for in 
scheme [V] when the diffusion is taken into account. 

It has thus been found that it is necessary to intro- 
duce additional steps in both reaction schemes [IV] 
and [V] to obtain consistency. It is cIear that in both 
cases reactions occur in the bulk phase and this pos- 
sibility will now be considered_ 

32. Effects of reactions in the bulk phase 

Consider the reaction scheme [WI where carbonic 
acid is produced or consumed at the enzyme surface. 

In the presence of a buffer systa,m (HB, B-) the reac- 
tiOD 

k+ 

HB f iKq k_ + HZC03 f B- [VII 

will occur in the bulk phase. In the absence of buffer 
water may take the place of HB. In most experimen- 
tal cases the concentrations of HCOT , HB and B are 

large enough to be practica?ly constant during the re- 

action_ Denote their concentrations SHB, SB and 
SHcos _ In the diffusion equation for carbonic acid 
an extra term appears due to the reaction [VI] and 
at steady state 

DAc i- (k+S,,SHCo 
3 

- k-S& = 0 (17) 

the solution to this equation is 

c(r) = co f tz exp (--fir)fr. ~W 

where b = k_ SB/DHzCo3 _ The constant n is deter- 
mined by the boundary condition of eq. (7). The fir& 

expression for the reaction rate is 

40, = -4”DC0, N,%,CO~ - C0,H2C03) 

X 
457Dco,Na K Dco: 

z +R iDH2C03(1 +GRIR 419) 

A comparison with eq. (10) reveals that in the diffu- 
sion limit and when K is small as in the present case, 
one achieves enhancement of the rate with a factor 
of (1 +fiR). Using the values S, = 100 mM, k_ = 
lOlo MeL s-l, a very fur proton transfer, and other 
parameters as in table 1 one obtains (1 f 4.4) = 3.2. 
This should give an upper limit to the contribution 
from reactions in the solution. The calculated effec- 
tive rate constants are now 

‘er f = 5.0 X lo7 s-l i&l-‘, xefr =9.1 X lo7 s-l M-l, 

using eqs. (10) and (1 I), respectively. The calculated 
values do still not reach the experimentally observed 
rate constant. If the uncertainty in the diffusion coef- 
ficients is taken into account the value 9.1 X 107 s-1 
M-l could, however, reach the experimental one. On 
the other hand the calculations have been designed to 
give an upper limit to the rates and approximations 
made in this process should by far outweight the pos- 
sibility of a small error in the diffusion coefficients. 

I%en the enzymatic reaction proceeds directly 
through HCO; and w, as in scheme [VI, the possible 
effect of a buffer is to act as a reservoir for protons 
through the reaction 

HB2 
k-B 

H++B-. WI1 

Assuming the concentrations of the buffer species con- 
stant at SHB and S, , respectively, the solution for the 
pro@ concentration is the same as in eq. (18). The 
expression for the rate is rather complex. For the de- 
hydration process, where consistency between theory 
and experiments was not obtained in the direct 
scheme. one has the relations co cop = 0 and , 

and obtains in the diffusion limit the flow 

Jco, = “&?aDHCO R to &\ 9 RZ\, 
3 . 

CL01 

which is analogous to eq. (Id). With the numerical val- 
ues as above ( 1 f R 6) = I-7, and the enhancement is 
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not sufficient to account for the observed rate. 

3.3_ Direcr participation by buffer in the enzymatic 
mechanism 

As has been shown in the previous sections the 
high efficiency of carbonic anhydrase is hardly in 
agreement with theoretical calculations on the diffu- 
sion of the different species. This is true regardless of 
whether HZCC3 or HCOS + H’ are the products for 
the hydration reaction_ The inclusion of reactions 
proceeding in the bulk sohttion does not change the 
results significantly. 

It has been sugested by several authors [ 13,141 
that buffer molecules present under in vitro experi- 
mental conditions and also in vivo may react directly 
with the enzyme and thereby transport the protons 
needed. In a recent paper by Jonsson et al. [20] it 
has been shown that the hydration rate of carbonic 
anhydrase is in fact dependent on the buffer concen- 
tration and that it reaches a Iimiting vdue at increas- 
ing buffer concentration. A possible scheme for the 
buffer dependent reaction would be the following one 

E++HzO+B-& EOH+HB, 

EOH + CO, 2 
-1 

EOHCO, g 
-c 

EHCO, g* 
2 

E* f HCO; , 

kc 
E++H20r-EOH+H+. [VIII] 

Denoting CO, = 1, HCO; = 2, HE = 3 and B- = 4 
one may write the reaction on the enzyme as 
d CO, 

/ 
dt E. = y’ CKbcS(R)x-$, c&0 @-x)1, 

Y = rN + QW-1 +k,+Qc#)l k&C@) 

+ [PJ * k,(k_,+k_, +&)cIW] k&W) 

+ kl “$_&W f k-1 “_$&W 

X clW)c2W)$ k2 tkck_2(k_l+kc+k_c) 

+ k__, k_ I (k_&+&)1lN (23) 

It is straightforward although somewhat tedious to 
solve the diffusion equations for all four of the react- 
ing molecules. The use of boundary conditions (7b) 
leads to the following expression for the flow ad the 

concentrations, assuming for simplicity that all diffu- 
sion coefficients are equal, 

J1(R) =y’ k_,c,W)x (24‘ 

iv= k_$_, +k2kl +k,k2, 

4 
ct(R) = ‘10 - 4mDN R * 

Jl 

a 
dR) = c20 + 4rrDN,R ’ 

Jl 
‘dR) = ‘30 + &DN R ’ 

$1 
1 ‘dR) = ‘40 - 4&N R 

a a 
(25a-d 

The equations (24,25) can be solved iteratively. The 
rate constants in the equations are taken from the 
work of Kem-Jhan [ 181 and Jonsson et al. [ZO] _ 

The solution shows that the hydration and dehy- 
dration processes catalyzed by carbonic anhydrase ar 
not diffusion controlled in the presence of a buffer 
system. In fig. 2 it is shown how the flow depends on 
the diffusion coefficient and it is seen from the curve 
that as long as D > 5 X ?0-10 the processes are quite ir 
dependent of the diffusion. Fig. 3 shows how the COI 
ccntrations cl, c2 and c4 at *&e enzyme surface de- 
pends on the diffusion coefficient. It is seen that the 
Co, concentration is almost identical to the bulk co1 
centration for D > 5 X lo-10 rn2 s-l_ The flow given 

eq. (24) does show the same ptidependence as does 

I 
160 103 

D ws-9 
ld'o IO-" 

Fig 2. The reaction rate per enzyme (J) as a fun&on of the 
diffusion coefficient (D). Curve 1 = hydration and 2 = dehy 
dration- Gcheme [VIII] I- 
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10-S 10-9 lo-" 

Fig. 3. The concentrations cj(R) at the enzyme surface as 
functions of the diffusion coefficient. Curve L = cl(R)/clo, 
~=c~(R)/c~~~~~~=c~(R~/c~~~~)=~~~R)-IHI~KL~Kz- 
cl(R). (Scheme [Vf!Il 1. 

the experimental curves of Steiner et al. (see fig_ 4). 
If $1 (R) is plotted as a function of J, (R)/c,, for 
different buffer concentration we obtain curves 
analogous to the ones obtained from experiment by 
Jonsson et al. (fig. 5). 

4. Conclusions 

It has been shown that in reversible enzyme reac- 
tions it is of importance to take into account both 
the diffusion of both reactants and products when 
the diffusion limit of the reaction rate is discussed. in 
the case of carbonic anhydrase this has consequence 
that several reasonable reaction schemes can be ex- 
cluded on the basis that the observed rates are too 
large to be compatibie with possible diffusion rates. 

I 
3 5 7 9 

FE_ 4. The reaction rate per enzyme ar a function of pH_ 
Curve 1= hydration and 2 = dehydration. (Scheme IVIlIl). 

1 
5 10 15 

J-l bClc,,(mM-'s') 

Fig- 5. Dependence of the rate on buffer concentration. 1 = 1 
m&l. 2 = LO mh¶ and 3 = 100 mM buffer with pKa = 6.2. 
(Scheme [VIII 1). 

Of the investigated possibilities only the scheme with 
a direct reaction between buffer and the enzyme gave 
clearly consistent data. The reaction involving carbon- 
ic acid combined with an equilibrium between F&CO, 
and HCOY in the bulk phase can not be unequivocal- 
ly ruled out on the basis of the present calculations. 
However, for this reaction scheme to be consistent an 
unlikely coincidence between a number of factors is 
required. 

One should keep in mind that the present calcula- 
tions produce upper limits to the diffusion controlled 
rates. The most restricting assumption that has been 
made is that of spherical symmetry. Throua this as- 
sumption the diffusion limit can be overestimated by 
a factor of approximately ten [4,71. If, however, the 
substrate binds to the enzyme surface this factor is 
greatly reduced [7] _ The only mechanism that can 
Iead to rates larger than those calculated above is at- 
traction due to long range codombic forces. In an 
aqueous medium with its high dielectric constant 
these forces are, however, quenched so that their con- 
tribution to the diffusion rate is rather small. Further- 
more in the case of carbonic anhydrase the possible 
reactants H+ and HCO; have opposite charge so that 
if’ one of them is attracted the other is repelled. 
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