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The limit to the possible rate of reversible enzymatic reactions set by the diffusional motion has been considered. It is

found that not only the diffusion of the reactants to the enzyme but also the diffusion away of the products can be rate
limiting. To avoid assumptions about the detailed nature of the enzyme only diffusion in the bulk aqueous medium is
treated. By such an approach onc obtains an upper limit to the possible rate. In the latter half of the paper the derived gen-
eral equations are applied to the possible suggested reaction schemes for the enzyme carboanic anhydrase. It is found that

a scheme involving HCOj3 as substrate for the dehydration process and a direct reaction between buffer and enzyme is con-

sistent with the limits set by the diffusional motion, while several other possibilities can be ruled out.

1. Introduction

For bi- and multimolecular reactions in solution it
is necessary for the reactants to collide through brown-
ian diffusional motion before a chemical transforma-
tion can take place. The diffusion thus puts a limit to
the possible rate of the reaction. The diffusional be-
haviour of simple molecules in fluids has been tho-
roughly investigated both experimentally and theo-
retically. The accumulated knowledge about these
processes makes it possible to determine rather accu-
rate upper bounds for reaction rates. Although these
bounds usually correspond to very high rates many
diffusion controlied reactions has been observed. Well
known examples are proton or electron transfer reac-
tions but even some enzyme reactions are fast enough
for the diffusion limit to apply [1,2].

The basic theoretical work on diffusion controlled
reactions is due to Smulochowski [3} who consides-
ed the special case of aggregation of colloidal particles.
He assumed spherical symmetry about the aggrega-
tion center and solved the diffusion equation

ar
with the boundary conditions

2
2-rc()", t)=Daa—r2rc(r, £) (1)

o=)=cy;
Here ¢ is the concentration, r the distance from the
centre, D the translational diffusion constant and R
the distance at which the particle is irreversibly cap-
tured. The solution of eq. (1) showed that, on a ma-
croscopic timescale, a stationary siate is rapidly reach-
ed with a concentration profile c(r) = ¢(1—-R/r) and
a constant outgoing flux of particles J(r) = -—411'NaDr2 X
ac/dr = —4nrN_ DR ¢, where N, is Avogadros number.
In this model the diffusion limited second order rate
constant is

Ki™ = 42N DR. )

c(R)=0. (2)

This expression for kl,i"‘ has been widely used on the
merit of its simplicity.

In later work improvemernits of Smulochowskis
theory has been mainly along three lines. The macro-
scopic diffusion approach is not valid on very short
timescales, where the molecular nature of matter has
to be accounted for [4]. In eq. (1) long range forces
between the reactants are neglected and especially
for Coulomb interactions sizeable correction terms
may occur [1]. The boundary condition ¢(R) =0 can
be made more realistic both with respect to geomet-
rical constraints on the relative orientation of the re-
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actants for a reaction to occur and with respect to
the probability of a reaction [5—10].

The present paper deals with the last of these as-
pects with special consideration of reversible enzyme
reactions. This problem arouse during our study of
the reaction between water and carbon dioxide to
form carbonic acid {11] and during considerations
of the possible enzymatic catalysis of this reaction
by carbonic anhydrase.

2. Diffusion and reversible enzyme reactions

For a reversible enzymatic reaction not only the
diffusion of the reactants to the active cleft can be a
rate limiting step but also the diffusion away of the
products. Since if the products are not transported
away an equilibrium between reactants and products
are established at the enzyme surface. One can thus
obtain more stringent limits for the possible rate of
the reaction by considering the diffusion of both re-
actants and products.

In the active cleft and at the enzyme surface in
general the substrate, or product, interacts with the
enzyme. Without a very detailed knowledge about the
enzyme it is difficult to determine how these interac-
tions affect the diffusional motion. One has, for ex-
ample, the possibility of rapid surface diffusion. Usu-
ally very little is known about such specific effects.
One method of avoiding arbitrary assumptions is ro
consider the diffusional motion only in the bulk aque-
ous phase outside the enzyme. In aqueous solution
diffusion has been extensively studied and the isotrop-
ic translational diffusion constant has been determined
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Fig. 1. Schematic picture of the enzvme with the active site

(AS).

for a large number of compounds. In the subsequent
treatment we therefore assign to the enzyme a radius
R (cf. fig. 1) outside which enzyme substrate interac-
tions can be neglected and where the diffusion equa-
tion is directly applicable. In such an approach one
can, at most, obtain an upper limit to the diffusion
controlled reaction rate.

As a first example consider a simple enzymatic con-
version between species A and B. The diffusion equa-
tion in a coordinate system fixed on the enzyme is at
steady state [S].
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is the angular part of the laplacian operator. The rota-
tional diffusion constant is denoted D and D, g is
the sum of the translational diffusion constants of
A(B) and of the enzyme. To find appropriate bound-
ary conditions one has to consider the reaction in
some detail. It is assumed that the reaction proceeds
according to the scheme
ky -k k3
A+EE—_1AEI}__2 BE;C—_:’E-!-B, 1]
where E is the enzyme. If the binding of the substrate
to the enzyme is negligible, that is if the Michaelis—
Menten constant K is large relative to the substrate
concentration, the rate is
dc de - -
—7 == = ke, they (6)
per enzyme molecule, | Here & = kykoksf(k_jk3 +
zk 1 +k7k )andk =K lk -)k 3/(k 1k3 +Kk 2k<
+kyk3) and k/k K is the equthbnum constant of
the overall reaction. In eq. (6) the concentrations re-
fer to those at the enzyme surface. The rate constants
are orientation dependent since a molecule just out-
side the active cleft will have a higher probability of
reaction than a molecule at the back of the enzyme.
At steady state mass balance requires that the flow
of molecules equals the number produced by the re-

action and an appropriate boundary condition would
be



~J,(R,0,6)=Ty(R.0,0)
= F(0,0){kc,(R,0,0) — kcy(R,0,9)) (72)

When applying eq. (7a) it is difficult to find a good
expression for the distribution function F(@,¢) for
the reaciion probability. The function F might, for
example, be finite over the entire surface due to the

pgg_g!blhtu of surface diffusion on the enzyme
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Eq. (5) has been solved by Solc and StOkaayer
[6] with the boundary condition eq. (7a). The result-
ing limiting rate depends markedly on the choice of
F(8,¢). To avaid the arbitrariness of a particular
choice of F(8,¢) we have pursued the aim of obtain-
ing an upper limit for the diffusion controlled rate.

ALl 3o anblsurad her catéing = 1/A~ With ci1rkh
llub 1y ALiucvou U_y bt;l.'.lllg l \U \P} Ly V. ¥¥iLLL sSuch

a choice of F(8, ¢), the boundary condition (7a) can
be written as

—IA(R)=J(R) = ke, (R) — key(R) (7v)

and the diffusion problem reduces ta a spherically
symmetrical one and eq. (5) becomes
2

ad
2 . r =0. 8
arz e(r) (8)

The boundary conditions are in addition to eq. (7b)

that ¢ (=°) = ¢4 and cg(==) = cgy where ¢,y and cpy,

are the bulk concentrations of A and B respectively.
The solution to the diffusion equation (8) is

c N =c A0 " nfr; cB(r) =cpg tDpnl(Dyr)y (92,b)
- {E’CAO ) ©0)
47D, N, [k + K{R + D, [(D4R) ©

The effective forward rate constant is then

£ =47D NKR|(AaD,NRIE+K +D,[D.). (10
Pef¥ a LA Ao “AITB N

If 4:1DAN3R/lc > K + D, /Dy eq. (10) is equivalent

to the kinetic expression eq. (6). If on the other hand

41rDAN R/k <K + D4 /Dp the pracess is diffusion
ontrolled and

fR 3110 R 3 L0 Y

&, o = KUMK(K + D, (D). (i1)

The rate constant & g becomes equal to 5™ of eq.
(4) if K > D, [Dg but in the opposite limit, K <€D, /
Dp it is the diffusion away of the products that is
rate limiting and the maximum rate is reduced by a

Eupnbone il B olucniren Db sbiio mcibon £ 4o

factor K. As will be shown later this extra factor can
be of great importance.
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For the reaction

&y & &3
A'f'E!ZiAEE;iBCE!ZBE‘I—B‘!‘C, [}

where in analogy with eq. (6) it is assumed that
de, deg de, .
T dr | dr =3r - kea—kegee (12)

per enzyme, the solution of the diffusion problem is
somewhat more complex, but the same type of bound-
ary conditions apply as in eq. (7b). However in this
case the result cannot be expressed in terms of an ef-
fective rate constant, k. since the reaction rate is
not always proportional to the concentration. The

') s ,.t.‘...-.in,. S PN
X O1 moiecuies ﬂ l)

I (411NDDR Dy D

\2 = D +C'BG' B+CC"[
A
—}-= e+ —a—— 4 cpnDp ¥ D}
D2 % D, 8o~ ¥ €co c}
R2D, sPc 172
-~ .D,_z_._ (cgot CO—KcAO)] (13)

For small rate constants eq. (13) reduces to eq. (12),
while in the diffusion limit with for example cgg =
ccp =0 the flux is

D D RBK( ;4D p AU
BTC

“AVAO0
Jy =4aN, —> l—*(l 2 A } (14)
A 2 i BgDcK

2D,

When the second term in the root expression is negli-
gible eq. (14) is equivalent to eq. (4) while if the sec-
onc term is the dominant one the flux is proportion-
al to the square root of the concentration cyq

.IA=—41rN(D D )‘/ZR(Kc )‘/Z. (15)
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A general conclusion of this section is that eq. (4)
is a poor approximation of the diffusion limit for re-
versible enzymatic reactions for one of the directions
of the reaction. It can also be noted that the expres-
sions for J, in the diffusion limit can be obtained by
requiring equilibrium at the enzyme surface. This
point of view is often essential for the conceptuat
understanding of the somewhat complex equations.
For example the square root dependence of the flux
on concentration in eq. (15) is readily understood in
such a description.

3. Diffusion contro! and possible mechanisms for the
enzyme carbonic anhydrase

The enzyme carbonic anhydrase acts to establish
a rapid equilibrium between dissolved carbon dioxide
and bicarbonate ions

=yt —
CO, +H,0=H" + HCOj i

in a multitude of living systems. The enzyme is an ex-
tremely efficient catalyst and has one of the highest
turnover numbers kitown. In spite of the fact that
one has obtained extensive structural information
about the enzyme [12] the mechanism for the cat-
alytic activity has not yet been revealed. The sub-
strate for the dehydration reaction has not even been
firmly established. One usually assumes [13,14] that
H* and HCO3 are the reactants but Koenig [15] has
argued that H,CO3; must be the substrate because
otherwise the supply of protons would exceed the
diffusion limit. However, the same type of argument
has been raised against H, CO5 as a possible substrate
[13,14]. These arguments have been focussed on the
dehydration reaction and the diffusion limit set by
eq. (4) has been used.

The reaction in scheme {I{I] is under physmlogxcal
conditions typically reversible and by analyzing the

Table 1
Values for the constants used in the numerical estimates

Qy=1a «\Q:'?f;\ il Oqsy,= 2% W07 m? st
Dy,c05 = 10

-9 mZ st
R=2ZX 10 m DHCO - 1o

K1 = [HCO3}[H]/{H2CO3] =2.5 x 1078 M
Kz = [H;CO31/[CO,] = 1.7 X 1073

diffusion problem using the boundary conditions of
eq. (7b) more consistent conclusions can be reached
for the reaction proceeding in both directions,

3 1. Diffusion limits for the direct reactions

The case when the enzymatic reaction proceeds as

ky
H,0+CO, +E z}-_l E-H,0-CO,

k2 k3
:—:z E-H,CO, ;ia E + H,CO,4 vl
is equivalent to scheme [I] since water is the solvent
and thus present in excess. The equation (10) for the
rate of the reaction should then be applicable and it

is then possible to compare the calculated rates with
actually measured rates.

To obtain numerical results actual values has to be
assigned to the different parameters. The equilibrium
constant K is 0.0017 {16] and the rate constants are
either taken from the work of Steiner et al. [17] on
the human C isoenzyme or they are assumed large to
abtain the diffusion limited rate. Our choice of the
radius R and the diffusion constants are summarized
in table 1. Some of the parameters are estimated val-
ues but they could be wrong by at most 50%.

Interpreted within the Kinetic scheme [IV] the ex-
periments of Steiner et al. [17] give « forward rate
constant of & = 1.4 X 108 s—1 M—!_ This value can
now be compared with those calculated from eqgs. (10)
and (11). Using the constants of table 1 and the exper-
imental value of k in eq. (10) one obtains keff 227X
107 s—1 M—1 and k= 2.83 X 107 s~1 M~1 from
eqs. (10) and (11), respectlvely. The rates for the de-
hydration reaction are obtained by dividing with the
equilibrium constant X and thus they contain no ad-
ditional information.

These estimates show that the experimental kinetic
data are not consistent with the reaction scheme [IV].
It can be noted that the data of Steiner et al. has been
reproduced {18,19] and the combined errore from
experimental rates and the errors in the parameters is
not large enough to eliminate the discrepancy.

For the other possible direct reaction scheme

H,0 + €O, + E < E-H,0-CO, = E-H -HCO,
=E +H' + HCOJ vi

a similar analysis is possible. The difference is now
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that it is the rate equation (13) that applies and that
the result cannot be exprussed in terms of rate con-
stants. Instead one has to consider the measured flows.
The value of the equilibrium constznt K is now 4.3 X
107 M.

At, for example, pH = 7.5 and ¢, = 1 mM and
cuco; = 0 the measured rate is Jcg, = —8.8 X 104
s—1. Prom eqs. (13) and (14) with X = 1.9 X 1014

s~ M—2 in eq. (13) one obtains the flows JCO
—8.1 X 10*s~! and Joo, = —1.0 X 106 5-1 respec-
tively.

For the dehydration reaction also at pH = 7.5 and
with ccg, =0 and cycpy =20 mM the measured rate
’SJCO = l I X 105 5—1"In this case the eqs. (13) and
(16) glves.lco =45X 10351 and Jeo, =4.7% 103

s~1, The measured rate for the dehydratxon reaction
is thus faster than what can be accounted for in
scheme [V] when the diffusion is taken into account.

It has thus been found that it is necessary to intro-
duce additional steps in both reaction schemes [IV]
and {V] to obtain consistency. It is clear that in both
cases reactions occur in the bulk phase and this pos-
sibility will now be considered.

3.2. Effects of reactions in the bulk phase

Consider the reaction scheme {IV] where carbonic
acid is produced or consumed at the enzyme surface.
In the presence of a buffer system (HB, B™) the reac-
tion

&,
HB + HCO3 ¥ H,CO;+ B~ v

will occur in the bulk phase. In the absence of buffer
water may take the place of HB. In most experimen-
tal cases the concentrations of HCO3 , HB and B are
large enough to be practicaily constant during the re-
action. Denote their concentrations Sy, Sg and
SHco, - In the diffusion equation for carbonic acid
an extra term appears due to the reaction [VI] and
at steady state

DAc +(k+SHBSHCO3 —~&k_Sge)=0 Qa7
the solution to this equation is
or) =cy trexp (——\/5 ryfr, {18}

where b = &k_Sg/Dy,cq,- The constant 2 is deter-
mined by the boundary condmon of eq. (7). The final

expression for the reaction rate is

Jeo, = —4Dco, N, (Kcy co, — €o,1,c0;)
x(%DCO’N"’ +X Oco. )‘1 19)
% R Dy co,(1 +*BR)R] -~

A comparison with eq. (10Q) reveals that in the diffu-
sion limit and when K is small as in the present case,
one achieves enhancement of the rate with a factor
of (1 ++/b R). Using the values Sg=100mM, k_ =

1010 M-t s—1 4 very fasr proton transfer, and other
parameters as in table 1 one obtains (1 +/BR) =3.2.
This should give an upper limit to the contribution
from reactions in the solution. The calculated effec-
tive rate constants are now

T = 7 —~1 yg—1 T = 7 —1Uag—1
kerf—S.OXIO STEMT, k=91 X107sTE M,

using egs. (10) and (11), respectively. The calculated
values do still not reach the experimenially observed
rate constant. If the uncertainty in the diffusion coef-
ficients is taken into account the value 9.1 X 107 s—1
M~1 could, however, reach the experimeital one. On
the other hand the calculations have been designed to
give an upper limit to the rates and approximations
made in this process should by far cutweight the pos-
sibility of a small error in the diffusion coefficients.

When the enzymatic reaction proceeds directly
through HCO3 and H", as in scheme [V], the possible
effect of a buffer is to act as a reservoir for protons
through the reaction

kg
HB =

k-g
Assuming the concentrations of the buffer species con-
stant at Sy and S, respectively, the solution for the
proton concentration is the same as in eq. (18). The
expression for the rate is rather complex. For the de-
hydration process, where consistency between theory
and experiments was not obtained in the direct
scheme, one has the relations ¢y ¢, =0 and
KD D

H H
c >( ) (1 + R\/B)
0,HCO, DCOZ 0.H DHC03
and obtains in the diffusion limit the flow
J,

o, = R Dyca Reg S Ry, QoL

which is analogous to eq. (16). With the numerical val-
ues as above (1 + RH) = 1.7, and the enhancement is

H'+B™. [VII]
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not sufficient to account for the observed rate.

3.3. Direct participation by buffer in the enzymatic
mechanism

As has been shown in the previous sections the
high efficiency of carbonic anhydrase is hardly in
agreement with theoretical calculations on the diffu-
sion of the different species. This is true regardless of
whether H,CC3 or HCO3 + H" are the products for
the hydration reaction. The inclusion of reactions
proceeding in the bulk solution does not change the
results significantly.

It has been suggested by several authors [13,14]
that buffer molecules present under in vitro experi-
mental conditions and also in vivo may react directly
with the enzyme and thereby transport the protons
needed. In a recent paper by Jonsson et al. [20] it
has been shown that the hydration rate of carbonic
anhydrase is in fact dependent on the buffer concen-
tration and that it reaches a limiting value at increas-
ing buffer concentzation. A possible scheme for the
buffer dependent reaction would be the following one

k
E'+H,0+B~ = EOH +HB,
kp

Ky ke ko |
EOH+CO, 3 EOHCO,3 EHCO,g E+HCOj,
. ] - 2

k,
E* + H,0 ;—9 EOH + H*. [V}
-

Denating CO, =1, HCO; =2,HB=3and B~ =4
one may write the reaction on the enzyme as
dco,/

?/ Eo=7 {k_pe3(R)x—k, c,(R) (y—x)},
y=[v+ k2(k_l+kc+k—c)C2(R)] k_bc3(R)

+ [V (k_yth_ ke (R) kycy(R)

+hy R k_ye (R) +k_ k_ kycy(R)

X ¢ (RYCo(RYKy oy [K Ko _p(K_j 4K AK_ )

* k—ck—l (k—2+kc+k—c) HN, (23)

It is straightforward although somewhat tedious to
solve the diffusion equations for all four of the react-
ing molecules. The use of boundary conditions (7b)
leads to the following expression for the flow and the

concentrations, assuming for simplicity that all diffu-
sion coefficients are equal,

LR = J—l’{k_bc:,‘(R)x 4

kpCa(R)[YN-x(N+k  (k_y+k_ tk e (R))
Ntky(k_ vk tk_ )cy(R) !
N=k_jk_.+k_yk_,*k k_,,

Jl ‘Il
a®=cwo—gprr: 2B =2 N
] €0 mDNR® % €40~ ZaDNR

(25a—-4d

The equaticns (24, 25) can be solved iteratively. The
rate constants in the equations are taken from the
work of Kermnhan [18] and Jonsson et al. J20}].
The solution shows that the hydration and dehy-
dration processes catalyzed by carbonic anhydrase ar
not diffusion controlled in the presence of a buffer
system. In fig. 2 it is shown how the flow depends orn
the diffusion coefficient and it is seen from the curve
that as long as D >5 X 1010 the processes are quite it
dependent of the diffusion. Fig. 3 shows how the cor
centrations ¢y, ¢ and ¢4 at the enzyme surface de-
pends on the diffusion coefficient. It is seen that the
CO, concentration is almost identical to the bulk co
centration for D >S5 X 10~10 m2 s~1. The flow given
eq. (24) does show the same pH-dependence as does

110%(s"Y)
I 1
w0 -
- 2
s
168 1079 1010 1wt

D{*s?)

Fig. 2. The reaction rate per enzyme (J) as a function of the
diffusion caefficient (D). Curve 1 = hydration and 2 = dehy-
dration. (Scheme [VIII]).
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Fig. 3. The concentrations c;(R) at the enzyme surface as
functions of the diffusion coefiicient. Cuive 1 = ¢ (R)/cy0,
2 =c4{R)cgg and 3 = c3(RYca(eq) = c2(R)-[H] /Ky K3~
c(R). (Scheme [VIII]).

the experimental curves of Steiner et al. (see fig. 4).
If J1(R) is plotted as a function of J;(R) e, for
different buffer concentration we obtain curves
analogous to the ones obtained from experiment by
Jonsson et al. (fig. 5).

4, Conclusions

It has been shown that in reversible enzyme reac-
tions it is of importance to take into account both
the diffusion of both reactants and products when
the diffusion lirnit of the reaction rate is discussed. In
the cas= of carbonic anhydrase this has consequence
that several reasonable reaction schemes can be ex-
cluded on the basis that the observed rates are too
large to be compatible with possible diffusion rates.

tog 4]

pH
Fig. 4. The reaction rate per enzyme as a function of pH.
Cwive 1 = hydration and 2 = dehydration. (Scheme [VIIL}]).

3575

10 s
3805 o mMTSY)

Fig. 5. Dependence of the rate on buffer concentration. 1 = 1
mM, 2 =10 mM and 3 = 100 mM buffer with pK,; =6.2.
(Scheme [VIII]).

Of the investigated possibilities only the scheme with
a direct reaction between buffer and the enzyme gave
clearly consistent data. The reaction involving carbon-
ic acid combined with an equilibrium between H,CO;4
and HCOj in the bulk phase can not be unequivocal-
ly ruled out on the basis of the present calculations.
However, for this reaction scheme to be consistent an
unlikely coincidence between a number of factors is
required.

One should keep in mind that the present calcula-
tions produce upper limits to the diffusion controlled
rates. The most restricting assumption that has been
made is that of spherical symmetry. Through this as-
sumption the diffusion limit can be overestimated by
a factor of approximately ten {6,7]. If, however, the
substrate binds to the enzyme surface this factor is
greatly reduced [7]. The only mechanism that can
lead to rates larger than those calculated above is at-
traction due to long range coulombic forces. In an
aqueous medium with its high dielectric constant
these forces are, however, quenched so that their con-
tribution to the diffusion rate is rather small. Further-
more in the case of carbonic anhydrase the possible
reactants H* and HCO7 have opposite charge so that
if one of them is attracted the other is repelled.
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